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(1) Let D be the set of all sequences {an}n∈N where an ∈ {1, 2, 3} for all n ∈ N,
limn→∞ an exists. Show that D is countable. [15]

(2) Suppose {xn}n∈N and {yn}n∈N are convergent sequences of real numbers and

lim
n→∞

xn = lim
n→∞

yn.

Show that the sequence {zn}n∈N defined by

zn =

{
xn if n is odd;
yn if n is even.

is convergent and
lim
n→∞

zn = lim
n→∞

xn.

[15]
(3) Determine limsup and liminf of the following sequences of real numbers.

(i)

{5 + (−1

2
)n.7 : n ∈ N}.

(ii)

{ n
4n
− n

5n
: n ∈ N}.

(iii)

{3− 2n− 1

n2 + 1
: n ∈ N}.

[15]
(4) Show that the function g : (0, 2)→ R defined by

g(x) =
3

x
, x ∈ (0, 2)

is not uniformly continuous. [15]
(5) Suppose h : [0, 1]→ [0, 1] is a continuous function satisfying

h(t)h(1− t) ≤ 0, ∀t ∈ [0,
1

2
).

Show that h(12) = 0. [15]
(6) Suppose u : [−1, 1] → R and v : [−1, 1] → R are functions, and m : [−1, 1] → R is

defined by
m(x) = max{u(x), v(x)}, x ∈ [−1, 1]

(i) Show that if u, v are continuous then m is continuous. (ii) Give an example to
show that u, v are differentiable does not imply that m is differentiable. [15]

(7) Suppose f : [0, 1] → R is a non-constant differentiable function and f(0) = f(1).
Show that there exist s, t in (0, 1) such that f ′(s) < 0 and f ′(t) > 0. [15]
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